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Abstract. Let K be any field and G be a finite group. Let G act on the rational 
function fields K{xg : g E G) hy .^'-automorphisms defined hj g ■ Xh = Xgh for any 
g, h E G. Denote by K{G) the fixed field K[xg : g G G)'^ . Noether's problem asks 
whether K{G) is rational (=purely transcendental) over K. We will prove that, if K 
is any field, p an odd prime number, and G is a non-abelian group of exponent p with 
IGI = p^ or satisfying [K{(p) : K] < 2, then K{G) is rational over K. A notion of 
retract rationality is introduced by Saltman in case K{G) is not rational. We will also 
show that K{G) is retract rational if G belongs to a much larger class of p-groups. In 
particular, generic G-polynomials of G-Galois extensions exist for these groups. 
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§1. Introduction 

Let K be any field and G be a finite group. Let G act on the rational function field 
K[xg : g E G) hj X- automorphisms defined by g ■ Xh = Xgh for any g,h E G. Denote 
K{G) := K{xg : g G G)^ the fixed subfield under the action of G. Noether's problem 
asks whether K{G) is rational (= purely transcendental) over K. 

Noether's problem for abelian groups was studied by Fischer, Furtwangler, K. Ma- 
suda, Swan, Voskresenskii, S. Endo and T. Miyata, Lenstra, etc. It was known that 
K{Zp) is rational if Zp is a cyclic group of order p with p — 3, 5, 7 or 11. The first 
counter-example was found by Swan: Q(Z47) is not rational over Q [Swl]. However 
Saltman showed that Q(Zp) is retract rational over K for any prime number p, which 
is enough to ensure the existence of a generic Galois G-extension and will fulfill the 
original purpose of Emmy Noether [Sal]. For the convenience of the reader, we recall 
the definition of retract rationality. 

Definition 1.1. ([Sa3]) Let C L be a field extension. We say that L is re- 
tract rational over K, if there is a X-algebra R contained in L such that (i) L is the 
quotient field of R, and (ii) the identity map 1r : R ^ R factors through a local- 
ized polynomial X-algebra, i.e. there is an element / e K[xi, . . . the polynomial 
ring over K and there are X-algebra homomorphisms (p : R ^ K[xi, . . . , x„][l//] and 
i/j : K[xi, . . . , Xn][l//] R satisfying i/j o ip ^ Ir. 

It is not difficult to see that "rational" =^ "stably rational" =^ "retract rational" . 

One of the motivation to study Noether's problem arises from the inverse Galois 
problem. If K is an infinite field, it is known that K{G) is retract rational over K if 
and only if there exists a generic Galois G-extension over K [Sal, Theorem 5.3; Sa3, 
Theorem 3.12], which guarantees the existence of a Galois G-extension of K, provided 
that X is a Hilbertian field. On the other hand, the existence of a generic Galois 
G-extension over K is equivalent to the existence of a generic polynomial for G. For 
the relationship among these notions, see [DM] . For a survey of Noether's problem the 
reader is referred to articles of Swan and Kersten [Sw2; Ke]. 
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Although Noether's problem for abelian groups was investigated extensively, our 
knowledge for the non-abelian Noether's problem was amazingly scarce (see, for exam- 
ple, [Ka2]). We will list below some previous results of non-abelian Noether's problem, 
which are relevant to the theme of this article. 

Theorem 1.2. (Saltman [Sa2]) For any prime number p and for any field K 
with char K ^ p [in particular, K may be an algebraically closed field), there is a 
meta- abelian p- group G of order p^ such that K{G) is not retract rational over K. In 
particular, it is not rational. 

Theorem 1.3. (Hajja [Ha]) LetG be a finite group containing an abelian normal 
subgroup N such that G/N is a cyclic group of order < 23. Then C{G) is rational over 
C. 

Theorem 1.4. (Chu and Kang [CK]) Let p be a prime number, G be ap-group 
of order < p^ with exponent p^. Let K be any field such that either char K = p or char 
K ^ p and K contains a primitive p^-th root of unity. Then K{G) is rational over K . 

Theorem 1.5. (Kang [Ka4]) Let G be a metacyclic p-group with exponent p'^, 
and let K be any field such that (i) char K = p, or (ii) char K ^ p and K contains a 
primitive p^-th root of unity. Then K{G) is rational over K . 

Note that, in Theorems 1.3 — 1.5, it is assumed that the ground field contains enough 
roots of unity. We may wonder whether 0(6") is rational if G is a non-abelian p-group 
of small order. The answer is rather optimistic when G is a group of order 8 or 16. 

Theorem 1.6. ([CHK; Ka3]) Let K be any field and G be any non-abelian group 
of order 8 or 16 other than the generalized quaternion group of order 16. Then K{G) 
is always rational over K . 

However Serre was able to show that Q(G) is not rational when G is the generahzed 
quaternion group [Se, p. 441-442; GMS, Theorem 33.26 and Example 33.27, p. 89-90]. 
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On the other hand, if p is an odd prime number, Saltman proves the following 
theorem. 

Theorem 1.7. (Saltman [Sa4]) Letp he an odd prime number and G he a non- 

ahelian group of order p^ . If K is a field containing a primitive p-th root of unity, then 
K{G) is stably rational. 

The above theorem may be generalized to the case of p-groups containing a maximal 
cyclic subgroup, namely. 

Theorem 1.8. (Hu and Kang [HuK]) Letp be a prime number andG be a non- 
abelian p-group of order containing a cyclic subgroup of index p. If K is any field 
containing a primitive p"''''^-th root of unity, then K{G) is rational over K . 

In this article we will prove the following theorem. 

Theorem 1.9. Let p he an odd prime number, G he the non-ahelian group of ex- 
ponent p and of order p^ or p'^. If K is a field with [K{(p) : K] < 2, then K{G) is 
rational over K . 

The rationality problem of K{G) seems rather intricate if the ground field K has no 

enough root of unity. Wc don't know the answer to the rationality of K{G) when the 
assumption that [-ft'(Cp) : -ft'] < 2 is waived in the above theorem. On the other hand, 
as to the retract rationality of K{G), a lot of information may be obtained. Before 
stating our results, we recall a theorem of Saltman first. 

Theorem 1.10. (Saltman [Sal, Theorem 3.5]) Let K be a field, G = A Xi Gq 
be a semi-direct product group where A is an ahelian normal subgroup of G. Assume 
that gcd{\A\, \Gq\} = 1 and both K{A) and K{Gq) are retract rational over K . Then 
K{G) is retract rational over K . 

Thus the main problem is to investigate the retract rationality for p-groups. We 
will prove K{G) is retract rational for many p-groups G of exponent p. 
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Theorem 1.11. Let p be a prime number, K be any field, and G = A yi Gq be a 
sem,i-direct product group where A is a normal elementary p-group of G and Gq is a 
cyclic group of order p"^. If p — 2 and charK ^ 2, assume furthermore that K{C,2-m) is 
a cyclic extension of K. Then K{G) is retract rational over K . 

If p is an odd prime number, a p-group of exponent p containing an abelian normal 
subgroup of index p certainly satisfies the assumption in Theorem 1.11. In particular, 
a p-group of exponent p and of order p^ or p^ belongs to this class of p-groups (see 
[CK]). There are six p-groups of exponent p and of order p^; only four of them contain 
abelian normal subgroups of index p. Previously the retract rationality of K{G) for 
non-abelian p-groups, i.e. the existence of generic polynomials for such groups G, is 
known only when G is of order p^ and of exponent p. 

Similarly if G = A x Go is a semi-direct product of p-groups such that A is a normal 
subgroup of order p, and Gq is a direct product of an elementary p-group with a cyclic 
group of order p™, then G also satisfies the assumption in Theorem 1.11 provided that 
the assumption that K{C,2">-) is a cyclic extension of K remains in force. 

The above Theorem 1.11 is deduced from the following theorem. 

Theorem 1.12. Let K be any field, andG = 74xiGo be a semi- direct product group 
where A is a normal abelian subgroup of exponent e and Gq is a cyclic group of order 
m. Assume that 

(i) either charK — or charK > with charK \ em, and 

(ii) both K{(e) o-nd i^(Cm) o-f^ cyclic extensions of K such that gcd{m, [i^(Ce) '■ 
K]} = 1. 

Then K{G) is retract rational over K. 

The idea of the proof of Theorem 1.12 is to add a primitive e-th root of unity to the 
ground field and the question is reduced to a question of multiplicative group actions. 
It is Voskresenskii who realizes that the multiphcative group action is related to the 
birational classification of algebraic tori [Vo] . However, the multiplicative group action 
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arising in the present situation is not the function field of an algebraic torus; it is a 
new type of multiplicative group actions. Thus we need a new criterion for retract 
rationality. It is the following theorem. 

Theorem 1.13. Let tti and 1^2 be finite abelian groups, 71 = tti x 712, and L be a 
Galois extension of the field K with tti = Gal{L / K) . Regard L as a i^-field through the 
projection tt ^ tti. Assume that 

(i) gcd{|7ri|, iTTal) = I, 

(ii) char K — or charK > with charK \ |7r2|, and 

(iii) i^(Cm) is a cyclic extension of K where m is the exponent of 7:2- 

If M is TT-lattice such that Pt^{M) is an invertible ir-lattice, than L{MY is retract 
rational over K. 

The reader will find that the above theorem is an adaptation of Saltman's criterion 
for retract rational algebraic tori [Sa3, Theorem 3.14] (see Theorem 2.5). We also 
formulate another criterion for retract rationality of L{MY when tt is a semi-direct 
product group (see Theorem 4.3). An amusing consequence of this criterion (when 
compared with Theorem 1.3) is that, if G = ^4 xi if is a semi-direct product of an 
abelian normal subgroup A and a cyclic subgroup if, then C(G) is always retract 
rational (see Proposition 5.2). 

We will organize this paper as follows. Wc recall some basic facts of multiplicative 
group actions in Section 2. In particular, the flabby class map which was mentioned in 
Theorem 1.13 will be defined. We will give additional tools for proving Theorem 1.9 
and Theorems 1.11-1.13 in Section 3. In Section 4 Theorem 1.13 and its variants will 
be proved. The proof of Theorem 1.11 and Theorem 1.12 will be given in Section 5. 
Section 6 contains the proof of Theorem 1.9. 

Acknowledgements. I am indebted to Prof. R. G. Swan for providing a simplified 
proof in Step 7 of Case 1 of Theorem 1.9 (see Section 6). The proof in a previous version 
of this paper was lengthy and complicated. I thank Swan's generosity for allowing me 
to include his proof in this article. 
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Notations and terminology. A field extension L over K is rational if L is purely 
transcendental over K; L is stably rational over K if there exist yi, . . . ,yN such that 
Hi, ■ ■ ■ iVn are algebraically independent over L and L{yi, . . . , y^) is rational over K. 
More generally, two fields Li and L2 are called stably isomorphic if Li{xi, . . . ,Xm) is 
isomorphic to L2(yi, . . . , yn) where Xi, . . . ,Xm and yi, ■ ■ ■ ,yn are algebraically indepen- 
dent over Li and L2 respectively. 

Recall the definition of K{G) at the beginning of this section: K{G) — K{xg : g e 
G)'^. If L is a field with a finite group G acting on it, we will call it a G-field. Two 
G-fields Li and L2 are G-isomorphic if there is an isomorphism ip : Li ^ L2 satisfying 
(p{a ■ u) = cr ■ ^p{u) for any a ^ G, any u E Li. 

We will denote by C,n a primitive n-th root of unity in some extension field of K 
when char X = or char K = p > Q with p \ n. All the groups in this article are 
finite groups. Z„ will be the cyclic group of order n or the ring of integers modulo n 
depending on the situation from the context. Z[7r] is the group ring of a finite group 
TT over Z. Z{G) is the center of the group G. The exponent of a group G is the 
least common multiple of the orders of elements in G. The representation space of the 
regular representation of G over K is denoted by Vl^ = 0gGG ^ ' ^{d) where G acts on 
W hy g ■ x{h) = x{gh) for any g,h & G. 

§2. Multiplicative group actions 

Let TT be a finite group. A 7r-lattice M is a finitely generated Z[7r]-module such that 
M is a free abelian group when it is regarded as an abelian group. 

For any field K and a 7r-lattice M, K[M] will denote the Laurent polynomial ring 
and K{M) is the quotient field of K[M]. Explicitly, if M = 0i<i<^Z free 
abelian group, then KfAf] = K[xf^ , . . . , x^;^] and K{M) = K{xi, . . . , Xm)- Since tt 
acts on M, it will act on i^[M] and K{M) by iC-automorphisms, i.e. if cr e tt and 
<^ ■ — ^i<i<m '^ij^i ^ then we define the action of a in K[M] and K{M) by 
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The multiplicative action of tt on K[M) is called a purely monomial action in [HKl]. 
If TT is a group acting on the rational function field K{xi, . . . , x^) by /^-automorphism 
such that a ■ Xj — Cj{a) ■ Y[i<i<m-^i'^ where a & tt, aij e Z and Cj{a) e K\{0}, such a 
multiplicative group action is called a monomial action. Monomial actions arise when 
studying Noether's problem for non-spht extension groups [Ha; Sa5]. 

We will introduce another kind of multiplicative actions. Let K C L he fields and 
TT be a finite group. Suppose that tt acts on L by X-automorphisms (but it is not 
assumed that tt acts faithfully on L). Given a tt- lattice M, the action of tt on L can 
be extended to an action of tt on L{M) (= L{xi, . . . ,Xm) if M = 0i<j<m^ " ^i) by 
fT-automorphisms defined as follows: If o" G tt and a ■ Xj = X]i<i<m'^«i-^« ^ tben 
the multiplication action in L{M) is defined by a ■ Xj = Y[i<i<Tn^T^ 1 < j < ^• 

When L is a Galois extension of K and tt = Gal{L/K) (and therefore tt acts 
faithfully on L), the fixed subfield L[MY is the function field of the algebraic torus 
defined over K, split by L and with character group M (see [Vo]). 

We recall some basic facts of the theory of flabby (flasque) 7r-lattices developed by 
Endo and Miyata, Voskresenskii, CoUiot-Thelene and Sansuc, etc. [Vo; GTS]. We refer 
the reader to [Sw2; Sw3; Lo] for a quick review of the theory. 

In the sequel, tt denotes a finite group unless otherwise specified. 

Definition 2.1. A tt- lattice M is called a permutation lattice if M has a Z-basis 
permuted by tt. M is called an invertible (or permutation projective) lattice, if it is 
a direct summand of some permutation lattice. A 7r-lattice M is called a fiabby (or 

flasque) lattice if H~^{7r' , M) = for any subgroup n' of tt. (Note that H~^{7r' , M) 
denotes the Tate cohomology group.) Similarly, M is called coflabby if H^[n', M) = 
for any subgroup tt' of tt. 

It is known that an invertible vr-lattice is necessarily a flabby lattice [Sw2, Lemma 
8.4; Lo, Lemma 2.5.1]. 

Theorem 2.2. (Endo and Miyata [Sw3, Theorem 3.4; Lo, 2.10.1]) Letir be 
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a finite group. Then any flabby ir-lattice is invertible if and only if all Sylow subgroups 
of n are cyclic. 

Denote by the class of all 7r-lattices, and by JF^ the class of all flabby 7r-lattices. 

Definition 2.3. We define an equivalence relation ~ on Tt^: Two 7r-lattices Ei 
and E2 are similar, denoted by ~ £'2, if -Bi ® P is isomorphic to £'2 ® Q for some 
permutation lattices P and Q. The similarity class containing E will be denoted by 
[E]. Define = Tt^I ~, the set of all similarity classes of fiabby 7r-lattices. 

becomes a commutative monoid if we define [£1] + [£2] = \Ei\®E-^ . The monoid 
is called the fiabby class monoid of tt. 

Definition 2.4. We define a map p : vC^r — ^ -^tt as follows. For any 7r-lattice M, 
there exists a fiabby resolution, i.e. a short exact sequence of 7r-lattices — > M — > P — > 
£ — > where P is a permutation lattice and £ is a fiabby lattice [Sw2, Lemma 8.5]. 
We define p-n{M) = [E] G P^- The map p^, : Ct, ^ P^ is well-defined [Sw2, Lemma 
8.7]; it is called the flabby class map. We will simply write p instead of p-^, if the group 
TT is obvious from the context. 

Theorem 2.5. (Saltman [Sa3, Theorem 3.14]) Let L be a Galois extension of 
K with TT = Gal{L/K) and M be a n-lattice. Then p-n{M) is invertible if and only if 
L{My is retract rational over K. 

§3. GeneraUties 

We recall several results which will be used later. 

Theorem 3.1. ([HK2, Theorem 1]) Let L be a field and G be a finite group 
acting on L{xi, . . . , Xm), the rational function field ofm variables over L. Suppose that 

(i) for any a E G, o-{L) C L; 

(ii) The restriction of the action of G to L is faithful; 
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(iii) for any a & G, 



a{xi) 



V 



( \ 



A{a) 



where Aia) G GLm{L) and B{a) is an m x 1 matrix over L. 

Then L{xi, . . . , x^) = L{zi, . . . , z^) where a{zi) = Zi for all a & G, and for any 
1 <i <m. In fact, zi, . . . ,Zm can be defined by 



( \ 



( \ 

X\ 



A 



+ B 



for some A G GL„i{L) and for some B which is an m x 1 matrix over L. Moreover, if 
B{a) — for all a E G, we may choose B = in defining zi, . . . jZ^. 

Theorem 3.2. (Kuniyoshi [CHK, Theorem 2.5]) Let K be a field with char K - 
p > and G be a p-group. Then K{G) is always rational over K. 

Proposition 3.3. Let it be a finite group and L be a n-field. Suppose that 
Ml M2 —^N—^Oisa short exact sequence of n-lattices satisfying (i) tt acts 
faithfully on L{Mi), and (ii) N is an invertible ir-lattice. Then the ir-fields L{M2) and 
L{Mi © A^) are tt -isomorphic. 

Proof We follow the proof of [Le, Proposition 1.5]. Denote L(Mi)^ = L(Mi)\{0}. 
Consider the exact sequence of 7r-modules: 



^ L(Mi)^ ^ ^(Mi)^ ■ M2 ^ iV ^ 0. 
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By Hilbert Theorem 90, we find that H^{7r', L{Mi)^) = for any subgroup tt' C tt. 
Applying [Le, Proposition 1.2] we find that the above exact sequence sphts. The 
resulting 7r-morphism N L{Mi)^ ■ M2 provides the required tt- isomorphism form 
L{M2)to L{Mi®N). □ 

Lemma 3.4. Let the assumptions be the same as in Proposition 3.3. Assume fur- 
thermore that N is a permutation ir-lattice. Then L{M2Y is rational over L[MiY . 

Proof. By Proposition 3.3, ^(Ma) = L{Mi){N). Since tt acts faithfully on L(Mi), 
we may apply Theorem 3.1 and find G L{M2) such that L{M2) = L{Mi){ui, 

. . . ,Un) with a{ui) = Ui for any a & tt, any 1 < i < n where n = rank(A^). Hence 
L{M2r = L{M,r{m,...,Un). □ 

Lemma 3.5. Let n be a finite abelian group of exponent e and K be a field such 
that char K = or charK > with charK \ e. If P is a permutation ir-lattice, then 
K{PY = K{Q{MY^ where ttq = Gal{K{Q/K) and M is some TTo-lattice. 

Proof. We follow the standard approach to solving Noether's problem for abelian 
groups [Swl; Sw2; Le]. 

Note that K{Py = {X(Ce)(P)^^"^}^^^ = ir(Ce)(^)^^'''°^ where the action of vr is 
extended to K{(g){P) by defining g{Ce) — Ce for any g & tt, and the action of ttq is 
extended to K{(e){P) by requiring that ttq acts trivially on P. 

Since tt is abelian of exponent e, we may diagonalize its action on P, i.e. we may 
find Xi, . . . ,Xn e K{Q)iP) such that n — rank(P), g{xi)/xi e (Ce) for any g & tt, and 

K{Ce){P)^K{Ce){xi,...,Xn). 

Thus K^QiPY""^ = K{Q{yi, ■■■,yn) where yi, ...,?/„ are monomials mxi,...,Xn. 
Let M be the multiplicative subgroup generated by yi, ...,?/„ in K{Q){yi, . . . , |/„)\{0}. 
Then M is a TTo-lattice and K{Q{yi: • • • , ynf" = K{Ce){Mf°. □ 

Proposition 3.6. Let tt and K he the same as in Lemma 3.5. If K{(e) is a cyclic 
extension of K , then K^n) is retract rational over K. 
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Proof. We may regard the regular representation of tt is given by a permutation 
TT-lattice. Thus K{Tr) = K{Q{MY° where ttq = Gal{K{Q/K). Since ttq is assumed 
cychc, thus we may apply Theorem 2.2 and Theorem 2.5. □ 



§4. Proof of Theorem 1.13 

Lemma 4.1. Let t: be a finite group, M be a t: -lattice. Suppose that ttq is a normal 
subgroup of tt and ttq acts trivially on M. Thus we may regard M as a lattice over 
tt/tto- 

(1) M is a permutation ir-lattice So is it as a tt / TTo-lattice. 

(2) M is an invertible ir-lattice So is it as a tt / TTo-lattice. 

(3) M is a flabby ir-lattice <^ So is it as a tt / TTo-lattice. 

(4) IfO^M^P^E^Oisa flabby resolution of M as a tt /TTo-lattice, this 

short exact sequence is also a flabby resolution of M as a n-lattice. 

(5) Pt^{M) is an invertible TT-lattice <S=^ Ptt/ttoI-^) ^™ invertible tt / TTo-lattice. 

Proof The properties (l)-(4) can be found in [CTS, Lemma 2, p.179-180]. As 
to (5), the direction "<^" is obvious by applying (4). For the other direction, assume 
p^(M) is an invertible 7r-lattice. Let O^M^P^E^Ohea flabby resolution 
of M as a vr-lattice. Then M""" P""" ^ E""" ^ is a flabby resolution of 
M = M'^° in the category of 7r/7ro-lattices by [CTS, Lemma (xi), p. 180]. It remains to 
show that -E'^" is invertible. Since [E] = p.n{M) is invertible, we can find a 7r-lattice 
N such that E ® N — N' is a permutation 7r-lattice. Note that N''^° is a permutation 
Tr/TTo-lattice by [CTS, Lemma 2(i), p. ISO]. We find that E'^° is invertible because 

Lemma 4.2. Let the assumptions be the same as in Theorem 1.13. If P is a 
permutation TT-lattice, then L{Py is retract rational over K. 

Proof. Since tti and tt2 are abelian groups with gcd{|7ri|, |7r2|} = 1, every subgroup 
tt' of TT can be written as tt' = p x A where p is a subgroup of tti and A is a subgroup 
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of 7r2. 

As a permutation 7r-lattice, we may write P = ^ Z[7r/7r(*)] where vr^'^ is a subgroup 
of TT. Write tt^ — p^x \ where pi C tti, Aj C 712- Hence Z[7r/7r(*)] — Z[7r/(pi x Aj)] = 
Z[(7riM) X (7r2/A,)]. 

It is not difficult to see that Z[7r/7rW] = ■ uf^ where 1 < A; < i = Pi\, 
I < I < r — {7:2/ Xi\. Moreover, if e tti and g' e 7r2, then g ■ u^^] = u'glk^i, g' ■ 
'^ki ~ ^fc9'(0 homomorphisms tti — > St and 7r2 — > -S",. are induced from the 

permutation representations associated to tt/tt*^*^ = (tti/ pi) x {7^2/ \) where St and Sr 
are the symmetric groups of degree t and r respectively. 

Since vri is faithful on L, we may apply Theorem 3.1. Explicitly, for any 1 < / < r, 
we may find A^^ e GLt{L) and define v'i} by 



(1) 



^2,1 



K,i 



(0 



such that g-vj^ i 
If g' E 712, from the relation ^f' ■ m 

k,g'{l)- 

Since L(P)' 



for any g G tti, and L(Z[7r/7r'*']) = /^(m^,; 



(0 . 



:l<k<t KKr. 



(i) 
kl 



U 



(i) 

k,g'{l) 



V 



and Formula (1), we find that g' ■ v 



K{v^^i) where i, k, I runs over index sets 



kl 



^kl J ■ 



Note that 7:2 acts on {v^^i} 



which are understood, it follows that Li^Py — K{Vf, 
by permutations. 

By Lemma 3.5 = K{Cm){My° where m is the exponent of 7r2, ttq = 

Gal{K{(rn)/K) and M is some TTo-lattice. 

By our assumption, ttq is a cyclic group. Hence Pt^q{M) is invertible by Theorem 
2.2. Apply Theorem 2.5. We find that K{Cm){Mf° is retract rational over K. □ 
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Proof of Theorem 1.13 

Step 1. Suppose that M is a vr-lattice such that Pn{M) is invertible. 

Define 'Kq — {g & 1^2 '■ g acts trivially on L(M)}. Then tt/tto acts faithfully on 
L{M). Moreover, p^/T^g{M) is invertible by Lemma 4.1. 

In other words, without loss of generality we may assume that tt is faithfully on 
L{M) . Thus we will keep in force this assumption in the sequel. 

Step 2. Since Pt^{M) is invertible, by [Sa3, Theorem 2.3, p. 176], we may find tt- 
lattice M', P, Q such that P and Q are permutation lattices, O^M^M'^Q^O 
is exact, and the inclusion map M M' factors through P, i.e. the following diagram 
commutes 

M 

\ 



P 

\ 



(2) 1m 

^ M M' ^ 0. 

The remaining proof proceeds quite similar to that of [Sa3, Theorem 3.14, p. 189]. 
Step 3. We get a commutative diagram of /T-algebra morphisms from the diagram 
in (2), i.e. 

L[MY 

LIP]"" 

L[MY L[M']^ — >- L[QY 

Step 4. The quotient field of L[P]'^ is L{PY, which is retract rational over K by 
Lemma 4.2. Thus the identity map 1 : L[PY L[PY factors rationally by [Sa3, 
Lemma 3.5], i.e. there is a localized polynomial ring K[xi, . . . , x„][l//] and X-algebra 
maps ip : L[P]^ ^ K[xi, . . . ,Xn][l/ f], ^ : . . . , x„][l//] ^ L[P]^ such that 

ijj O If — 1. 

It follows that the composite map g : L[M]^ L[PY ^ L[M'Y also factors ratio- 
nally, i.e. there are X-algebra cp' : L[M]'^ — > K[xi, . . . , a;„] [1//] , : K[xi, . . . , a;J[l//] - 
L[M'Y such that g = ip' o ip' . 
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Step 5. By Lemma 3.4 L{M'Y is rational over L[MY . (This is the only one step 
we use the assumption that tt is faithful on L(M).) 

Now we may apply [Sa3, Proposition 3.6(b), p. 183] where, in the notation of [Sa3], 
we take S — T — L[MY , (/? is the identity map on L{MY . We conclude that 
1 : L[MY L[MY factors rationally, i.e. L{MY is retract rational over K. □ 

Here is a variant of Theorem 1.13. 

Theorem 4.3. Leti: he a finite group, ^ tti — > tt — > 7r2 — 1 is a group extension, 
and L be a Galois extension of the field K with 7:2 — Gal{L/K). Letir act on L through 
the projection tt — > 7r2. Assume that 

(i) TTi is an abelian group of exponent e with Q e L, 

(ii) the extension 0— >7ri— >7r— >7r2— >1 splits, and 

(iii) every Sylow subgroup of 1:2 is cyclic. 

If M is a TT-lattice such that pT^{M) is an invertible lattice, then L{MY is retract 
rational over K . 

Proof. The proof is very similar to the proof of Theorem 1.13. 

We claim that L{PY is retract rational for any permutation 7r-lattice P. 

For the proof, we will use [Sa5, Theorem 2.1, p. 546]. We will show that (c) of 
[Sa5, Theorem 2.1] is valid, which will guarantee that L{PY is retract rational. By 
assumption (iii), part (d) of [Sa5, Theorem 2.1] is valid by Theorem 2.2. It remains to 
check that the embedding problem oi L/ K and the extension 0— >7ri— >7r— >7r2— >1 
is solvable. But this is the well-known spht embedding problem [ILF, Theorem 1.9, 
p.l2]. 

Now define ttq = {(? G TT : (yf acts trivially on L(M)}. Note that ttq C tti. The 
remaining proof is the same as in the proof of Theorem 1.13 and is omitted. □ 

Corollciry 4.4. Let tt be an abelian group of exponent e, K he a field with G 
Suppose that M is a ir-lattice and tt acts on K{M) by K- automorphisms. If Pt^{M) is 
an invertible module, than K{MY is retract rational over K . 
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§5. Proof of Theorems 1.11 and 1.12 

Proof of Theorem 1.12 



Step 1. Write G = A yi Go where Go =< a > is a. cychc group of order m, and 
A = Ai X A2 X ■ ■ • X Aj. with each A^ =< > being a cychc group of order Cj, e = Ci 
and Cr I e^-i, ■ ■ ■ , 62 | ei. 

Define Bi =< pi, ■ ■ • , pi, ■ • ■ , pr > to be the subgroup of A by deleting the i-th direct 
factor. 

Let Gal{K{Q)/K) —< r > be a cychc group of order n. Write C = Ce and t-( — 
for some integer a. 

For I <i <r, choose Q e< ( > such that Q is a primitive Si-th root of unity. Note 
that T • = Ci- 

Let Ui = [K{Q) : K] ior 1 < i < r. Note that n — rii. 

Step 2. Let W = ®g^G^ ' •^(S') representation space of the regular repre- 

sentation of G. Then 

K{G) = A'(IF)^'' = {A'(C)(HO<->}^ = ir(C)(l^)<^'^> 

where the action of G and r are extended to by requiring that G and r act 

trivially on -fr(C) and W respectively. 

Step 3. For 1 < i < r, define 

Note that pi ■ Ui — Q^'^i and, if j ^ i, then pi • ui — Ui. 

For 1 < i < r, write Xi to be the character Xi '■ ^ — -^(C)^ such that g • Ui — 
Xi{g) ■ Since Xi; " " " > Xr are distinct characters on A, it follows that Ui, - ■ ■ ,Ur are 
linearly independent vectors in K{() ®x VT- 
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Moreover, the subgroup A acts faithfully on 0i<j<^ K{Qui. 
Step 4. For 1 < i < r, j e define 

Thus we have elements Vi^i, ■ • ■ , Vi,ni, '^'2,1, ' ' ' ■> '^2,712; ' ' ' ? ''^r,nr'j i^i total we have rii + 
712 + ■ • ■ + rir such elements. 

As in Step 3, these elements Vij are linearly independent. Note that r • % = 't'ij+i- 

Step 5. For 1 < i < r, j E Z„., /c e Z^. define 

We have in total m(ni + 77,2 + • — h n^) such elements Xij^k- 

Note that ^ = f jj, and the vector Xj.j ^ is just a "translation" of the vector Xij^o 
in the space ©^£^-^(0^(5') (with basis x{g), g E G). Thus these vectors Xi^j^k are 
linearly independent. Note that a ■ Vij^^ = Vij^^+i- Moreover, the group < G,t > acts 
faithfully on ^(0 ■ ^ij^k- 

Apply Theorem 3.1. We find K{G) = K{C){xijk : 1 < i < r, j e Z„.,A; e 
Zm)('"^i) • ■ ■ ) 'W^s) where s — \G\ — mini +n2 + ■ — h rir), and A(i(;i) = u^j for any i, any 
A e< G',T >. 

Step 6. We will consider the fixed field K{(){xijk ■ 1 < i < r, j E Z„., /c e Zm)^'^''^^- 
Let TT =< a, r >, A = Z[7r]. Let =< Xijk : 1 < i < r, j e /c e > be the 
multiplicative subgroup generated by these Xijk in K{(){xijk : 1 < i < r, j E l^m, k G 
Zm) \ {0}. Note that A^ is a A-module. In fact, A^ is a permutation 7r-lattice. 
Define 

$ : AT ^ Z„, X Z„, X • • • X Z„, 
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by = (/i, /2, ■ ■ ■ , ^r) e X Z„2 X ■ ■ ■ X Z„^, if X = H^^i/fe (with bijk G Z) and 
Pi (a;) = CiX, p2ix) = Ca'a:, ■ ■ prix) = Cl-X. 

Define M = Ker($). We find tliat i^(C)(xijfe : 1 < i < r, j e A; e Z^)^ = 
X(C)(M). Thus it remains to find K{C,){MY . Note that M is a 7r-lattice. 

Step 7. Since gcd{m, n} = 1, it follows that tt is a cyclic group. Hence Pt^{M) is 
invertible by Theorem 2.2. 

Apply Theorem 1.13. We find that K{C){MY is retract rational over K. Since 
K(G) is rational over K{C){MY , it follows that K{G) is also retract rational over K 
by [Sa3, Proposition 3.6(a), p. 183]. □ 

Proof of Theorem 1.11 

If charK — p, apply Theorem 3.2. Thus K{G) is rational. In particular it is retract 
rational. 

^Prom now on we will assume that charK ^ p. It is not difficult to verify that all 
the assumptions of Theorem 1.12 are valid in the present situation. Hence the result. 
□ 

CoroIIciry 5.1. Let K he a field, p be any prime number, G — A ><\ Go be a semi- 
direct product of p-groups where A is a normal abelian subgroup of exponent p^ and Go 
is a cyclic group of order p"^. If charK ^ p, assume that (i) both K{C,pe) and K{C,pm) 
are cyclic extensions of K and (ii) p \ [K{C,pe) : K]. Then K{G) is retract rational over 
K. 

Proposition 5.2. Let K be a field and G — A x Go be a semi-direct product. 
Assume that 

(i) A is an abelian normal subgroup of exponent e in G and Go is a cyclic group of 
order m. 

(ii) either charK = or charK > with charK \ em, and 

(iii) Ce ^ K and i^(Cm) is a cyclic extension of K. 
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// G — > GL{y) is a finite- dimensional linear representation of G over K , then 
K{y)^ is retract rational over K. 

Proof. Decompose V into V = where x '■ ^ — ^ K \ {0} runs over linear 

characters of A and V^ = {v eV : g ■ v = xig) " v for all g E A} 

It is easy to see that cr(V^) = V^/ for some Suppose l^^, V^^, • • • , V^^ is an orbit 
of (7, i.e. cr{Vx.) — V^.^^ and (j(V^J = V^^. Choose a basis Vi, - ■ ■ ,Vt of V^^. It follows 
that {a^{vi) : 1 < i < t, < j < s — 1} is a basis of ®i<j<sVxj- 

In this way, we may find a basis Wi, ■ ■ ■ ,Wn i'n V such that (i) for any g & A, any 
1 <i <r, g ■ Wi — awi for some a & K; and (ii) a ■ Wi — Wj for some j. 

It follows that K{V)^ — K{wi, • • • , Wn)^ — K{ui, ■ ■ • , Un) where iti, • • • , w„ are 
monomials in Thus K{ui, ■ ■ ■ ,Un) = K{M) for some Go-lattice M. It 

follows that K{Vf = = K{M)<''>. 

By Theorem 2.2, pgo{M) is invertible. Apply Theorem 1.12. □ 

Remark. In the above theorem it is essential that G is a is a split extension group. 
For non-split extension groups, monomial actions (instead of merely purely monomial 
actions) may arise; see the proof of Theorem 1.3 [Ha] and also [Sa5]. 

§6. Proof of Theorem 1.9 

We will prove Theorem 1.9 in this section. 

If charK = p, apply Theorem 3.2. We find that K{G) is rational. In particular, it 
is retract rational. 

Thus we will assume that charK ^ p from now on till the end of this section. 

If Cp e K, we apply Theorem 1.4 to find that K{G) is rational. Hence we will 
consider only the situation [i^(Cp) : -f^] = 2 in the sequel. 

Since p be an odd prime number, there is only one non-abelian p-group of order 
p^ with exponent p, and there are precisely two non-isomorphic non-abelian p-groups 
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of order p"^ with exponent p (see [CK, Section 2 and Section 3]). We will solve the 
rationality problem of these three groups separately. 
Let C = Cp, Ga\{K{C)/K) = (r) with r • ( = C"'- 

Case 1. G = (cri, a2, : erf = 1, cxi G Z{G), a2a3 = azaia2). 

Step 1. Let W = ^^^^K ■ x{g) be the representation space of the regular repre- 
sentation of G. Note that 

K{G) = K{x{g) -.geGf^ WOixig) : g e GfY = ^(0(^(5) : 9 e G)<^'^1 
Step 2. For i e Zp, define Xo,i, Xi,^ e 0^^^ X(C) • x(^) by 

We find that 

c's ■ ^0,1 ^ 2;o,i+i, ^ Xi^i^i, 
r : Xo,i Xi^j. 

The restriction of the action of {ai, a^) to Ki^Q-x^^i and is given by distinct 

characters of ((Ti, (72) to X(C) \ {0}. Hence Xo,o, 2:^0,1, a:^o,2, ■ ■ ■ , a^o,p-i, 2;i,o, ■ ■ ■ , are 
linearly independent vectors. Moreover, the action of (C, t) on ir(C)(xo,i, : i e Zp) 
is faithful. 

By Theorem 3.1 K^Qix^g) : g e G) = K{C){xo,i,Xi,i : i e Zp){Xi, . . . , Xi) where 
I — p^ — 2p and p(-^j) = for any 1 < j < I, any p G (G, r). 
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Step 3. Define xq = x^q, z/q = a;o,oa;i,o and Xi = xo,i ■ i/i = yo,i • UqJ-i for 

1 < i < p - 1. It follows that K{C){xQ^i,Xi^i : i e = K{Q{xi,yi : i e Z^). 

Moreover, the actions of (72, (73, r are given as 

0-2 : xo^ xo, t/o 2/0, Xi ^ Vi ^ C^Ui for I < i < p - I, 
(73 : Xo I— > XqXi, Xi I— > X2 i-^ • • • I— > 1-^ (^1X2 • • • Xp-i)"^, 

yo ^ yovixi, yi^y2^ •■•^ y^-i ^ {ym ■ ■ • 2/p-i)~\ 

T : xo^ 2/0% \ yo ^yo, Xi^yi for l<i<p - 1. 
Step 4. Define X = xo?/o"^^~'^/', 1^ = Xo'yj,''^'^^'' . 

Then ir(C)(a;,,|/, : 2 G Z^) = ir(C)(X, F, x,, : 1 < z < p - 1) and cxaW = X, 
a2(F) = Y, asiX) = aX, asiY) = pY,T : X where G ir(C)(a;i, 2/^ : I < i < 

p-i)\{o}. 

Apply Theorem 3.1. We may find X, Y so that K{(){xi,yi : i G Zp) = K{(){xi,yi : 
1 < i < p - 1)(X,F) with = X, p{Y) = y for any p e ((72,(73,t). Thus it 

remains to consider K{(){xi, yi : 1 < i < p — 1)('^2,o-3,t) 

Step 5. Define uq — a^, vq — xiyi, ui — Xj+ix^^, Vi — yi+iy^^ for 1 < i < p — 2. 
It follows that K{C){xi, yi : I < i < p - l)^"^^ = K{C){ui, Vi : < i < p - 2). The 
actions of as and r are given by 

(73 : lio Uou{, Vo ^ VqViUi, Uii-^ ■ ■ ■ ^ Up-2 ^ {uoul"^ U^"^ ■ ■ ■ ul_2)~^, 

T : Mo I— >■ Uq^Vq, Vq Vq, Ui ^ Vi for 1 < i < p — 2. 

Step 6. Define -Up.i = {uoul^^U2~'^ ■ ■ ■Up_2)~^, Wi = vqVi ■ ■ ■ViUiU2 ■ ■ ■■Uj for 1 < i < 
p — 2, and = (^0"^^!"^ • • ■Vp-2u\^'^U2^^ ■ ■ ■Up-2)~^- We find that K{ui,Vi : < 
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i < p — 2) = K{ui, Wi : 1 < i < p — 1) and 

(Ts : Ui U2^^ ■■ ■ ^ Up-i ^ {uiU2 ■ ■ ■■Up_i)"\ 

Wi ^ W2 ^ ■ ■ ■ ^ Wp-i I— >• {101102 ■ ■ ■ 10p-i)~^, 

T : Wi{uiWi^i)~^ , Wi for 1 < i < p — 1. 

where we write wq = vq for convenience. (Granting that wq is defined as above, we 
have a relation WqWi • • -tCp-i = 1. But we don't have the relation UqUi ■ ■ ■Up-.i — 1 
because we define Uo,Ui, . . . , Up^2 first and Up^i is defined by another way.) 
We will study whether K{Q{ui, Wi : 1 < i < p — l)^'^^''^) is rational or not. 

Step 7. The multiplicative action in Step 6 can be formulated in terms of 7r-lattices 
where tt = (r, a^) as follows. 

LetM = (0i<j<p_iZ-Mj)©(©i<j<p_iZ-Wi) and define Wo = -W1-W2 

Define a Z[7r]-module structure on M by 

(T3 : Ml 1-^ it2 I— > • • • I— > Up-i ^ —ui — U2 — ■ ■ ■ — Up-i, 

Wi >—>■ W2 ^ ■ ■ ■ ^ Wp-i H- > —Wi — W2 — ■ ■ ■ — Wp-i, 

T : Ui ^ —Ui + Wi — Wi-i, Wi ^ Wi for 1 < i < p — 1. 

We claim that M ~ Z[7ri] (g)^ Z[7r2]/$p(cr3) with tti = (r), 712 = (0-3). 

Throughout this step, we will write a = and tt =< a, r >. Define p — ar. Then 
p is a generator of tt with order 2p where p is an odd prime number. 

Let ^p{T) e Z[T] be the p-th cyclotomic polynomial. Note that ^p{a){ui) — 
%{a){wi) = 0. It follows that %{a) • M = 0. 

Since $p((7^) = Z^o<i<p-i ^ ^p(^)' we know that $p((7^) • M = 0. Prom = cr^, 
we find that %ip^) • M - 0. It is well-known that %{T^) = %{T)^2p{T) (see [Kal, 
Theorem 1.1] for example). We conclude that $p(p)$2p(p) ■ M = 0. In other words, 
we may regard M as a module over A = Z[7r]/ < $p(p)$2p(p) >• 
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Clearly A is isomorphic to Z[7ri] ^j^'L[k2\/^p{(j) where tti = (r), 7r2 = (cr). 
It remains to show that M is isomorphic to A as a A-module. 
It is not difficult to verify that $2p(p)(^ii) = f{p){wi) where f{T) = $2p(r) -Tp-^. 
Define = — wi. We find that $2p(p)(i') = —wq. 

Since M is a A-module generated by Ui and tWo, it follows that, as a A-module, 

M —< Ui,Wo > — < Ui — GWq^Wq > —< Ui — Wi^Wq > — < V,Wo > —< VjWq + 

^2p{p){v) >—< v,Wo — Wq >—< V >, i.e. M is a cyclic A-module generated by 
V. Thus we get an epimorphism A — > M, which is an isomorphism by counting the 
Z-ranks of both sides. Hence the result. 

Step 8. By Step 7, M ~ Z[tti] (g)^ Z[7r2]/$p(cT3) where tti = (r), tt2 = (as). 
Thus we may choose a Z-basis Yi, 12, ■ ■ ■ , Yp-i, Zi, . . . , Zp_i for M such that 

(T3 : Yi^Y2^ ■■■^ Yp_i -Yi Yp_i, 

Zi ^2 ■ • • ^ Zp_i -Zi Zp_i, 

T : Yi ■ir^ Zi for 1 < i < p — 1. 

Hence K{C){M) = K{C){yi, Zi : 1 < i < p - 1). Wc emphasize that acts on Yi, 
Zi by multiplicative actions on the field K{Q{M) and (Ts ■ C = ^ ' C = C^^- 

Step 9. In the field K{Q{M), define 
So = 1 + Fi + F1I2 + Y^Y^Y^ + . . . + . . . Yp_r, 

— \ -\- Zi -\- Z-1Z2 + • • • + Z1Z2 ■ ■ ■ Zp_i, 
si = (1/so) - (1/p), S2 = {Y^/so) - . . . , Sp-i = (^1^2 • • • ^2/^0) - 

ti = (1/to) - (1/p), ti = (Zi Ao) - • • • , Vi = (^1^2 ■ ■ ■ V2A0) - 

It is easy to verify that K{(){M) = -fr(C)(si, U : 1 < i < p - 1) and 

(73 : Si S2 ^ • • • ^ Sp-1 ^ -Si - S2 
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tl ^2 I— *■ • • • ^ tp-l I— >■ —tl — ^2 — • • • — tp-l, 
T '. Si <— > ti- 

Step 10. Define ^ = + for 1 < i < p - 1. Then K{(){si, ti : 1 < i < p - 1) ^ 
K{(){si,ri : 1 <i <p-l). Note that 

(73 : ri r2 ^ ■ ■ ■ ^ rp_i -n - r2 rp_i, 

Apply Theorem 3.1. We find that K{C){si,ri : I < i < p - I) = K{C){ri : 1 < i < 
p— l){Ai, . . . , Ap_i) for some Ai, . . . , Ap_i with cr3(Aj) = T(Aj) = for 1 < i < p — 1. 

Thus K{C){ri,Si ■.l<i<p- 1)<"> = X(C)(r^ : 1 < i < p - l)^"^^!, ■ ■ ■ , = 
K{ri,...,rp-i,Ai,...,Ap_i). 

It remains to find K{ri, . . . , rp_i)^'^^^ 

Step 11. Write 7r2 = (aa). The TTa-fields K{ri, . . . , r^.i, ^i) and K{Bo, Bi, . . . , Bp_i) 
are 7r2-isomorphic where : Bq ^ Bi ■ ■ ■ -Bp-i ^ Bq. For, we may define 
B = Bo + Bi + --- + Bp_i and Q = B, - (B/p) for < i < p - 1. 

In other words K{ri, r^^i, Ai, . . . , VO^"'^ = ^(^o, ^i, • • • , 5p-i)<"=^>(^2, ■ ■ 
Ap_i) = K{Zp){A2,...,Ap^i). 

By Lemma 3.5, i^(Zp) = i^(C)(Ar)'^i where C = Cp, tti = Gal(is:(C)/is:) = (r) with 
T • C = C""*^) ^iid ^ is some TTi-lattice. 

By Reiner's Theorem [Re], the TTi-lattice A?" is a direct sum of lattices of three types: 
(1) T : -z, (2) T : z^ z, (3) r : Zi ^ Z2. Thus we find K(C)(N)^-'> = K{C){zi, 
...,Za,z[,z'2,..., 4, z'{, w'{, 4', w'^) where t : Zi ^ 1/zi, . . ., Za ^ 1/za, z[, 

By Theorem 3.1 we may "neglect" the roles oi z[, . . . , z^, z", w'/, . . . , z'^, w'^. We may 
linearize the action on zi, . . . ,Za by defining Wi = 1/(1 + when 1 < i < a. Then 
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T : I— >■ —Wi + 1. Thus we may "neglect" the roles of Wi by Theorem 3.1 again. In 
conclusion, K{(){zi, . . . , Za, z[, . . . , z^, z", wi, . . . , z", w'^Y'^'i is rational over K. □ 

Case 2. G = (cri, cr2, era, 0-4 : erf = 1, ai,a2 G Z{G), (7^^3(74 = a^a^). 

The proof is very similar to Case 1. 

Step 1. For i e Zp, define a;o,i, a;i,i, |/o,i, G 0pgG^(C) ' x{g) by 

j,k,ieZp 

The action of (G, r) is given by 

CTi : xo,i ^ Cxo,i: xi,i ^ C^xi,i, yo,i ^ Cyo,i, yi,i ^ C^yi,i: 
0-2 : xo^i ^ Cxo,i, xi,i ^ C'^xi^i, yo,i ^ C~^Z/o,i, Vu ^ Cyi,h 

: •I'O,* ^ C^^Xo^i, Xi^i C~'~^Xi^i, I/O,* C^^l/0,i, yi,i ^ C'~^yi,i: 

(74 : Xo,i 1-^ a;o,i+i, Xi,^ 1-^ Xi^i+i, yo,i "-^ Z/o,i+i, ^ yi,i+i, 
T : Xo,i ^ xi^i, yo,i ^ 

Note that Xo,i, Xi^i, yo,i, yi,i where i E Zp are linearly independent vectors in 
®g^c ■ x{g). Apply Theorem 3.1. It suffices to consider the rationality prob- 
lem of K{C){xo^i,Xi^i,yo,i,yi,i : i G Zp^^'''^ 

Step 2. Define xq = x^^q, yo = xo.oa^i.o, ^0 = 2/0,0 (a^o,o)~\ >o = 2/1,0(2^1,0)"^ for 
1 < i < p - 1, define Xi = xo,j(a:o,j-i)'~S = a::i,i(a:i,i-i)~S = 2/o,i(yo,i-i)~S = 
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^- Then K{(){xo,i,xi^i,yo^i,yi^i : i e Zp)^"^^ = K{C){xi, yi,Xi,Yi : i e Zp) 
and the actions are given by 

0-2 : xo, Vo ^ Vo: Xo ^ C^Xo, Yo ^ C^^o, 

All the other generators are fixed by a2', 
(73 : Xq^ Xq, yo ^ yo, Xo ^ Xo, Yo ^ Yq, 

(74 : xo^ XqX^^, yo ^ yoVi^i, Xq ^ XoXix^^, Yo ^ YoY^y'^, 

Xi X2 ^ Xs ■ ■ ■ Xp_i {XiX2 ■ ■ -Xp^i)'^, 

Similarly for yi, y2, ■ ■ ■ , yp-i, Xi, . . . , Xp^i, Yi, . . . , Fp-i; 
T : xo^ yoXo^, yo ^ yo, Xo ^ Yq ^ Xo, 
Xi ^ yi, Xi ^ Yi for 1 < i < p — 1. 

Step 3. Define x — xoyo^'^^^"^ , y — x^^y^^^^^"^ . 

Since x, y are fixed by both (72 and (73, while (t^ : x ^ ax, y 1— > (5y, t : x y 
where a,P E K{xi, yi, Xi, yi)\{0}, we may apply Theorem 3.1. Thus the roles of x, y 
may be "neglected". It suffices to consider whether K(()(Xo,Yo,Xi,yi,Xi,Yi . 1 <i < 
p - i)('^2.<^3,(T4,r) jg rational over K. 

Step 4. Define X = X^ Y = XqFo- Then K{C){Xo,Yo,Xi,yi,Xi,Yi : 1 < t < 
p — 1)^'^2> _ K{Q{X, Y, Xi, yi, Xi, Yi : 1 < i < p — 1). Moreover, the actions on X and 
Y are given by 

(73 : X ^ X, Y ^Y, 
(74 : X ^ XXfx'P, Y ^ YXiYix^^y];\ 
t: X^ X-^YP, Y ^Y. 

Define X' = XY'^-^^I'^, Y' = X-^Y^^+^^Z'^ . As in Step 3, we may apply The- 
orem 3.1 and "neglect" the roles of X' and Y' . It remains to make sure whether 
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KiOixi, yi,Xi,Yi : 1 <i <p - l)<'^;^''^4,r> jg national. 

Define Uq = x{, vq = xiUi, for 1 < i < j9-2, define Ui = Xi+i{x~^), Vi = yi+i ■ {y~^); 
and for 1 < i < p — 1, define Ui — XiX^^, Vi — Yiy^^. It follows that K{(){xi, yi, Xi, Yi : 
l<i<p- 1)<^3> ^ K{C){uo, Vq, Up-i, T4,_i, Ui, Vi,Ui,Vi:l <i <p-2). Note that the 
actions of and r are given by 

(74 : UqUi, Vq I— > VqViUi, I^i I— > ^2 I— > • • • I— > ^ {uqUi'^U^'^ ■ ■ ■ Mp_2)~^> 

Vi^V2^---^ Vp-2 ^ Uoiv^vl"^ ■ ■ ■ vl_2)~^, 

C/i ^ C/2 ^ • • • ^ ^ {U1U2 ■ ■ ■ Up.i)-\ 
V^^V2^ ■■■^Vp.i^ {V1V2 ■ ■ ■ Vp.i)-\ 
T : uq ^ Uq^Vq, Vq ^ Vq, Ui Vi for 1 < i < p — 2, 
Ui^Vi for l<i<p-l. 

Note that the actions of (74 and t onUi,U2, ■ ■ ■ , Up^i, Vi, . . . , may be linearized 
by the same method as in Step 9 of Case 1. Hence we may apply Theorem 3.1 and 
"neglect" the roles of C/j, for 1 < i < p — 1. 

In conclusion, all we need is to prove that K{(){ui, Vi : < i < p — 2)^'^*''^^ is rational 
over K. 

Compare the present situation with that of Step 5 of Case 1. We have the same 
generators and the same actions (and even the same notation). Thus we finish the 
proof. □ 

Case 3. G = 0-2, 0-3, 0-4 : erf = 1, cti e Z{G), (72(73 = (73(72, (7^^2(74 = 

aia2, a^^asa^ = (J2(7z)- 

Step 1. For i e Zp, define xo,i, Xi,^, yo,^j, e 0ggG-^(C) • ^{9) by 

j,k,lGZp 

j,k,leZp 
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j,k,l£Zp 

yi,i = E C'^'M<^i4^[)- 

j,k,leZp 

The action of (G, r) is given by 

0-2 : 2^0,1 ^ C^^xo,i, xi^i ^ C'~^xi,i: yo,i ^ C'^^yo,i: yi,i ^ C~^yi,i: 
(73 : xo,i ^ C^^xo^i, xi^i ^ C'^xi^i, yo^i ^ C'^^yo,i, yi,i ^ C~^yi,i: 
(74 : Xo,i ^ xo^i+i, xi^i ^ xi^i+i, yo^i ^ |/o,i+i, yi,i ^ yi,i+i, 

T : Xo,i ^ Xi^i, 7/o,i ^ yi,i- 

Checking the restriction of (cti, (T2, as) as in Step 1 of Case 2, we find that these 

vectors Xo,i, Xi^i, yo^i, yi.i are hnearly independent except possibly for the case a;o,p-2 
and t/i 0, and the case Xi p_2 and i/o,o- But it is easy to see that these vectors are hnearly 
independent, because their "supports" are disjoint. Apply Theorem 3.1. It suffices to 
consider ii'(C)(xo,i, yo,i, : i e 

Step 2. Define xq = oFqq, yo = xo^xifi, Xq = xo,o • yo,o, Yq = a^i,oZ/i,o; and for 
1 < i < p - 1, define Xi = xo,i(xo,i_i)"S yi = xi^i{xi^i^i)-^, Xi = yo,i(yo,i-i)~\ = 
Then ir(C)(xo,j, xi,^, yo,i, : i e = ir(C)(xj, y^, Xj, : i e Zp) 

and the actions are given by 

(72 : xo 1-^ xo, yo ^ yo, ^0 ^-^ C^-'^o, ^0 ^ C"^^o, 

1-^ (xi, yi ^ C'^yi, Xi C'^Xi, Yi (Yi, 

(73 : a;o 1-^ Xq, yo ^ yo, ^0 ^ C^^o, ^0 ^ C"^^o, 

C^i: yi ^ C~^yi: Xi (Xi, Yi ^ C~^Yi, 

(74 : xq^ xqx^, yo 1-^ yoyi-'^i, -'^o ^ XqXiXi, Yq ^ lo^iyi, 

Xi X2 ^ Xs ■ ■ ■ t-^ Xp_i {XiX2 ■ ■ ■ Xp_i)~^, 
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Similarly for yi, 7/2, ■ • ■ , Vp-i, Xi, . . . , Xp_i, Yi, . . . , 
T : xq^ Z/o^^o S yo ^ yo, Xoh^Yoh^ Xq, 
Xi yi, Xi Yi for 1 < i < p — 1. 

Step 3. Define x — XqI/q^'^^^'^, y — Xq^i/q''^^^^^ . Apply Theorem 3.1 again. It 
suffices to consider K{C){Xo, Yo, Xi, yi, Xi,Yi : 1 < i < p - 1)(<^2.^3,^4,t> 

We may apply Theorem 3.1 again to "neglect" Xq and 1^0- Thus it suffices to 
consider K{C){xi, yi, Xi,Yi : 1 < t < p - i)('^2,(T3,a4,r)_ 

Step 4. Define uq = xf, vq = xiUi, Uq = XiXi, Vq = yiYi, and for 1 < ? < p — 2, de- 
fine Ui = x~^Xi+i, Vi = y~^yi+i, Ui = X'^^Xi+i, Vi = Yr^Yi+i. Then K{C){xi, yi, Xi, Yi : 
l<i<p - ^ K{C){ui, Vi,Ui,Vi:0<i<p- 2). Note that the actions of a^, a^, 
T are given by 

(Ts : Uq^ Uo, Vq Vq, Uq ^ ('^Uq, Vq ^ C^Uq, 

All the other generators are fixed by 0-3. 

(74 : Uq^ Uou\, Vq ^ VqViUi, Uq ^ UqU^Ui, Vq ^ VqViVi, 
■ ■ ■ ^ Up-2 ^ {UqU\ ?4 ■ ■ ■ '"p-2) ) 
Vi^ ■ ■ ■ ^ Vp_2 ^ Uq{v^V^~^ ■ ■■Vp_2y^, 

U,^U2^---^Up^2^ UQiU^Ur' ■ ■ ■ U^-2)~\ 

V,^V2^---^Vp_2^ ^XO '^o( W"' • • • Vp-2)'\ 

T : Uq^ V^Uq^, Vq ^ Vq, Uq ^ Vq ^ Uq, 

Ui Vi, Ui ^ Vi for 1 < i < p — 2. 

Step 5. Define Rq = Uq, Sq = UqVq; and for 1 < i < p — 2, define Ri = Ui, Si = Vi. 
Then K{C){ui,Vi,Ui,Vi : < i < p - 2)<-3) = K{C){ui,Vi, Ri, Si : < i < p - 2). We 
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will write the actions of (T4 and t on Ri, Si as follows. 

(74 : Rq ^ RqR^U^, Sq I— > SqSiRiUiVi, 

Ri^ R2^ ■■■^ Rp-2^ uoiRoR'l-^RP-^ ■ ■ ■ Rl_^)-\ 
T : Ro^ S^Ro\ So^ So, Ri^ Si for 1 < i < p - 2. 

Step 6. Imitate the change of variables in Step 6 of Case 1. We define Wp_i = 
{uou^-^l-^ ■■■ul_2)-\ Rp-i = iio(i?oi?r^^r^---^p-2)"^ and for 1 < i < p - 2, 
define Wi — voVi ■ ■ ■ ViUiU2 ■ ■ - Ui, Ti — SqSi ■ ■ ■ SiRiR2 ■ ■ ■ Ri] define Wp-i — (vq~^ 

■ ■ ■ vp_2ur'ur' ■ ■ ■ up^2)-\ Tp^i = urnv'^is^o^'sr' ■ ■ ■ V2^r'^r' • • • Rp-2)-'. 

We find that K{ui, Vi, Ri, Si : < i < p — 2) — K{ui, Wi, Ri,Ti : 1 < i < p — 1) and 

(74 : I— > 1^2 1-^ • • • I— > Up^i I— > {uiU2 ■ ■ • Up^i)"^, 

I— > ^2 >— > • • • >— Wp^i I— > {wiW2 ■ ■ ■ Wp-i)~^, 
i?l 1-^ i?2 1-^ • • • 1-^ Rp-l ^ {R1R2 ■ ■ ■ -Rp-i)~\ 
Ti T2 • • • Tp_i (T1T2 ■ ■ ■ Tp^l)"\ 

T : Wi^-^ Wi, Ti 1-^ Ti, Ui 1-^ Wi{uiWi-i)~'^ , Ri 1-^ Ti{RiTi^i)~'^ 
where we write Wq = Vq, Tq = Sq for convenience. 

Step 7. The multiplicative action in Step 6 can be formulated as follows. 

Let TT = (r, (74) and define a 7r-lattice as in Step 7 of Case 1 (but (73 should be 
replaced by (T4 in the present situation). Then K{(){ui,Wi, Ri,Ti : 1 < i < p — ly — 
K(()(M ® My where M is the same lattice in Step 7 of Case 1. 

The structure of M has been determined in Step 7 of Case 1. Thus M®M ~ A® A 
where A ~ Z[ki\ ®i Z[7r2]/$p(cr4) where tti = (r) and 1^2 = {C4). It follows that we 
can find elements Fi, . . . , Yp_i, Zi, . . . , Zp_i, Wi, . . . , H^p-i, Qi, . . . , Qp-i in the field 
K{(){ui,Wi,Ri,Ti : 1 < i < p - 1) so that K{(){ui,Wi, Ri,Ti : 1 < i < p - 1) = 
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K{(){Yi, . . . , Vp-i, Zi, . . . , Zp-i, Wi, . . . , Wp-i, Qi, . . . , Qp-i) and the actions of and 
T are given by 

Similarly for Wi, . . . ,Wp_i, Qi, . . . ,Qp-i; 

T : Yi<r^ Zi, Wi Qi. 



Step 8. We can linearize the actions of (74 and r by the same method in Step 9 of 
Case 1. Apply Theorem 3.1. We may "neglect" the roles of Wi, Qi. Thus the present 
situation is the same as in Step 8 of Case 1. □ 
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